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Abstract
It is shown that a consistent treatment of the axial anomaly leads to an explicit
cancellation between the the infrared and ultraviolet contributions to the flavor
singlet axial charge. This result is a consequence of the simultaneous crossing of
the zero point energy and the ultraviolet cut-o by quark levels of dened chirality
from the vacuum in the presence of gluon elds. Based on this consideration we give
the arguments in favor of a large violation of the Ellis-Jae sum rule by predicting
the vanishing of the flavor singlet axial charge g0A in a plausible scenario. From this
result the value of the gluon polarization is estimated by using the Ku¨hn-Zakharov
value for the matrix element of the axial anomaly.
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1 Introduction
During the last ten years there have been many attempts, both theoretical and experimen-
tal [1; 2; 3], to understand how the spin is distributed among the dierent components of
the proton. This investigations have been labeled generically as the proton spin problem.
Since no fully satisfactory solution has been found to this problem there is no unique
answer to the question: where lies the proton spin?
From the experimental point of view there has been much progress since the early
EMC experiments [2] and the nucleon spin dependent structure functions are presently
determined with high precision [3], except in the small x region where error bars are
still large. This lack of precise determination at small x aects in great manner the
low moments of the structure functions since they suer from the ambiguities associated
with the extrapolation of the structure functions to the x ! 0 region, innaccessible to
the present experiments. From our point of view the theoretical knowledge of the low x
behavior of spin-dependent structure functions gp;n1 (x;Q
2) is incomplete and therefore the
precission of the experimental results is limited by the burden of this dependence.
There are two lines of thought, among the many theoretical developments providing an
explanation of the small portion of nucleon spin carried by the quarks, which merit our
attention here. One of them attributes this fact to the contribution of the polarized gluons
via the anomaly to the rst moment of g1(x;Q
2) [4; 5; 6], which results from the analysis
of the triangle diagram contribution to the singlet axial-vector current. The nal result for
this gluon term is very sensitive to the factorization procedure used for triangle diagram
[1]. For example, if one introduces an o-shell gluon momemtum such that m2q=P
2 ! 0
one obtains a non-zero value for the gluon contribution to the rst moment through axial
anomaly. But note that in this case only the large k? ! 1 region of integration over
transfer momentum of quark in the triangle diagram is involved, which is associated with
the ultraviolet description of the axial anomaly.
The other line suggests that a large negative quark polarization, leading to a non-
perturbative contribution to the flavor singlet axial charge (FSAC), is responsible for
the proton spin. In QCD, this polarization can be generated by the presence of non-
perturbative gluon elds called instantons [7], which lead to the famous t’ Hooft interac-
tion [8]. Microscopically this interaction arises, because in the presence of the instanton
eld, quark-antiquark pairs are created by the zero energy quark modes. These pairs cause
the large negative polarization needed [9; 10; 11]. This approach therefore is connected
with the infrared treatment of the non conservation of the axial charge.
The main goal of this letter is to show that one should consider both contributions,
the infrared and the ultraviolet, to the singlet axial-vector charge together, in order to be
consistent with the properties of the QCD vacuum and that, due to Dirac level number
conservation, they are of opposite sign and therefore tend to cancel.
2 Two faces of axial anomaly and their contribution
to flavor singlet axial charge
Present wisdom tells us that the key to resolve the spin crisis is in the non conservation












due to axial anomaly term, which is the last in Eq.(1). A very detailed account of
the various ways to get Eq.(1) was presented in the review by Shifman [12]. In there,
it is beautifully discussed how the anomaly presents itself with two faces, the infrared
and the ultraviolet one. The reason for this duality being that there are two ways of
getting the adequate result: the infrared one, by looking at the motion of the low lying
levels of well dened chirality in the Dirac vacuum; the ultraviolet one, by looking to the
corresponding high levels after introducing a gauge invariant cut-o. We will make use
of this description to show that one should take into account both, the infrared and the
ultraviolet, contributions in our process and that, for the FSAC, they tend to cancel.
Our basic argument goes as follows. The number of Dirac levels with denite chirality
should be conserved. Fig. 1 of ref. [12] is very clarifying for the discussion that follows.
The crossing of the levels by the zero energy point, which leads to a valence quark depolar-
ization, should be accompanied by a simultaneous crossing by the levels of the ultraviolet
boundary. As shown by Shifman, both contributions are equal in magnitude, but the flow
is opposite and therefore their sign opposite, therefore their simultaneous consideration
produces a cancellation. In the simplied model of ref. [12] this result is immediate. In
terms of the more familiar language in four dimensions, the crossing of the ultraviolet
cut-o determines the perturbative contribution of the gluons to the non conservation
of the FSAC. The conservation of the number of Dirac level implies therefore, that the
two contributions, infrared and perturbative cancel each other and that the FSAC is con-
served. This conservation implies that a Goldstone boson is not needed in this channel to
insure axial-vector current conservation. This statement reflects the solution to the UA(1)
problem.
A similar analysis can be done following the description of Mueller [13] for the mas-
sive case. The paralelism is complete, since the intermediate non chiral states do not
contribute, and the cancellation is explicitly shown. In this case it appears as the can-
cellation between the charge coming from the anomaly, the infrared term, and the charge
coming from the mass term, which arises from the ultraviolet region, and corresponds to
the perturbative term. It is necessary to stress that the mass term in Eq. (1) plays a
crucial role in the cancellation and therefore it can neither be neglected nor treated as a
small perturbation.
The results discussed above has been shown explicitly for QED in 1+1 dimensions. It
must be remembered that this theory is conning, but moreover, as discussed in detail by
Shifman, connement plays no role in his description of the properties of the anomaly. The
number of level argument holds also in 3+1 dimensions and for QCD, and this is all the
necessary requirement for our conclusion. The partonic interpretation of the ultraviolet
contribution has been claried by Mueller, as well as, its extension to higher dimensions.
We must stress that up to now we are dealing with the vacuum, thus no valence quarks
have been considered in the argument, only levels in a Dirac sea.
For the proton, the same analysis is valid, but one has to take care of the additional
valence quark terms. In the massless case, chirality is a good quantum number and the
analysis of number level conservation follows through without problem. In the massive
case, there are additional contributions coming from the region where chirality is not
a good quantum number. One expects these contributions, which arise from the mass
3
terms, to be small [14]. In the case of the instanton vacuum they have been shown to be
zero since, besides the negative sea quark polarization mentioned above, the zero modes
flip the spin of the valence quarks [10]. This is the main dierence one encounters between
QED and QCD, the chiral limit is good in QCD but not in QED. In the former the spin
flips, due to the presence of the instantons, and the valence contribution vanishes. In the
latter it does not and the valence contribution remains.
The authors of ref. [14] have arrived to similar conclusion, however we must stress,
that it is the cancellation between the anomaly (ultraviolet G), and the screaned (due to
depolarization) valence contributions which make the FSAC vanish. In particular within
instanton model for Nf = 1 , and only in this case, the two terms vanish independently.
It should be emphasised that this cancellation has been found in several papers on the
axial anomaly contribution to polarized DIS [1]. For example, in the the perturbative
approach to axial anomaly the contribution to the matrix element of the singlet axial-


















































Figure 1: The contribution to singlet axial-vector current from gluons induced by a) the
perturbative triangle diagram and b) the interaction through instantons.
The total result has two terms arising from two dierent regions of integration over
k?
2








m2 + P 2x(1− x)
!
; (2)
where P 2 is the virtuality of gluon. There is an explicit cancellation in Eq.(2) between
these contributions from the two dierent regions of momentum transfer of the quarks in
the box diagramm, the small k? region, k
2
?  m
2, and the large k? region, k
2
? !1 when
P 2=m2 ! 0, i.e. the limit of small current quark masses 3.
The two terms in Eq.(2) are directly related to the two dierent terms in Eq.(1).
The last term in Eq.(2) represents the matrix element mqγ5q in Eq.(1) and therefore,
in the usual treatment of axial anomaly contribution to DIS, it can be absorbed in the
2For simplicity we put below the same value for all quark masses.







redenition of the quark polarization densities. The rst term in Eq.(2), which comes
from ultraviolet region, is usually considered as the gluon contribution to proton spin 4.
The widespread argument used to eliminate the second term in Eq.(2) is that in the
region of small k? perturbative QCD does not apply and therefore in this region this term
should be substituted by non-perturbative QCD eects.
One approach to take into account non-perturbative QCD eects in DIS is the instanton
model for the QCD vacuum [17]. In the framework of this model the matrix element of the
flavor singlet axial current ( see Fig.(1b)) between gluon states with dierent momenta
Q = p0 − p is [18]




where  is the instanton size. In Eq.(3) the rst term comes from non-zero modes in the
instanton eld and corresponds to the anomaly term in Eq.(1). The second term has
its origin in the zero modes and is related to the mass term in Eq.(1). Again, as in the
perturbative case, at Q2 ! 0 by using expansion of the functions K2(Q) ! 2=(Q)2,
K1(Q) ! 1=Q, we observe an explicit cancellation between the two contributions in
Eq.(3). This cancellation is the fundamental reason behind the resolution of the UA(1)
problem. At Q2 6= 0 there are two massless poles in Eq.(3). One of them is the usual
Goldstone pole which is related to the mass term in Eq.(1), the other comes from the
anomaly. The consequence of the explicit cancellation between these two poles is the
appearence of the massive 0 meson. The massless pole which is connected with rst term
in Eq. (3) can be interpreted as the Kogut-Susskind ghost pole [19] which was used to
resolve UA(1) problem [20], [21]
5. Therefore only the contribution from the ultraviolet
region provides the mechanism which makes the 0 dierent from octet Goldstone bosons 6.
One can calculate also the matrix element of divergence of the flavor singlet axial-vector
current between quark states in the framework of the same instanton model for the QCD
vacuum. It was done for Nf = 1 case in paper by Forte and Shuryak [10] by taking into
account the contributions which come from the diagrams on Fig. 2. Again the explicit
cancellation has been found.
It is evident that the cancellation phenomenon is a general statement and can be ex-
plained by quotating from Shifman’s review [12] : Both phenomena, though - the crossing
of the zero-energy point and the departure (arrival) of the levels via the ultraviolet cut-o -
occur simultaneously and represent, actually, two dierent facets of the one and the same
anomaly, which admits both, the infrared and ultraviolet interpretation.
Therefore we come to the conclusion that, due to the properties of the QCD vacuum,
a cancellation between the infrared and the ultraviolet contributions takes place, and
therefore, a small matrix element between proton states of the right side of divergence
of the singlet axial-vector current is to be expected, which implies an almost conserved
FSAC7. For a simple version of instanton model with single quark flavor of the QCD
vacuum the matrix element is zero and the FSAC of the proton is conserved.
4See also ref. [16] for QED.
5The connection of ghost pole with proton spin problem was discussed in [22].
6It should be mentioned that in instanton model of the QCD vacuum it is sucient to take into
account only the zero mode contributions to obtain the massless pseudoscalar octet bosons in the chiral
limit.
7The possibility of the conservation of the flavor singlet axial charge was discussed in papers [25] from






































Figure 2: The contribution to the matrix elements between quark states induced by instan-
tons.
3 Analysis of the Proton Spin
We proceed to analyze the physical consequences of the vanishing of the matrix element of
the divergence of the flavor singlet axial-vector current in the extreme instanton vacuum
model scenario.
The matrix element between nucleon states of the flavor singlet axial-vector current is
given by
< p0jJ05jp >= g
0
A(Q




and by recovering the matrix element of Eq.(1) we immediately arrive to the conclusion
that
g0A = 0; (5)
which is the main result of this paper. Therefore, we predict very large violation of the
Ellis-Jae sum rule [26] 8.
The modern experimental data on spin-dependent structure function g1 [3] give the
value of singlet axial-vector current g0A(510GeV
2)  0:20:28. From our point of view,
the dierence between Eq.(5) and data comes from the inaccessible low x region where the
negative contribution from quark zero-modes should occur [11]. Naive Regge extrapolation
at x! 0, used in experimental papers should be used with utmost precaution.
As it has been mentioned above, one can interpret the matrix element of the anomaly
as the negative gluon contribution to g0A




gGa jP >= −2Nfs4 G2MP Piγ5P (6)
The matrix element in Eq.(6) for the anomaly has been calculated in a paper by Ku¨hn







where b0 = 11Nc=3 − 2Nf=3. By using the last experimental data for s from CCFR
collaboration s(3GeV
2) = 0:278 [23], and Eqs.(6) and (7) for Nf = 3 our estimate for
the gluon polarization becomes
G(3GeV 2) = 1:67 : (8)
It is interesting to mention, that if we use the xed value of s(Q
2) at small Q2 ! 0,
which has been obtained by Shirkov and Solovtsov [28]
s(Q









The very interesting feature of Eq.(10) is absence any dependence from Nf , Nc and
another parameters of theory.
There have been many attempts to estimate the gluon polarization in nucleon by using
the dierent approaches [24]. However, there is no agreement in the nal result, not only
for absolute value, but even for the sign of the gluon polarization. We have presented a
scenario, where this value is uniquely given.
4 Conclusion
We have shown that there is a cancellation between the contributions from the ultraviolet
and the infrared regions to the FSAC and that it appears as a consequence of the general
properties of the QCD vacuum. Therefore it should be respected by all models.
Within a simple version of the instanton vacuum model we have shown that, besides the
above cancellation, the valence contribution is also zero and therefore the FSAC vanishes
for the proton. Thus we are led to a scenario of maximal violation of the Ellis-Jae sum
rule. This calculation and the validity of the chiral limit lead us to conclude, that nature
seems to be deviating strongly from the Ellis-Jae sum rule and therefore data in the
low x region are crucial to establish the magnitude of the deviation and put stringent
conditions on the models of the QCD vacuum.
A main observation of our work is the relevance that the quark mass term in the
equation for divergence of singlet axial-vector current plays in the cancellation due to
existence of zero quark modes in the QCD vacuum. If one does not include this term one
will wrongly conclude that the contribution of the gluons to proton spin is small see [29]9.
In spite of the fact that these two contributions combined explicitly cancel in the
FSAC, their contributions to the polarized structure functions does not, because each
of them has a dierent x dependence. So in the large x region the contribution from
9The importance of massive term in the cancellation for the box diagram has been rstly shown for
massive QED in ref. [13] and [16].
7
gluons should be large while at low x a large contribution from zero modes is expected.
These two contributions have also a dierent structure for the particles in the nal state.
The ultraviolet contribution leads to quark and antiquark jets with high k? and dierent
helicities for the quark and antiquark. On the contrary, the infrared contribution is
associated with the production of a qq pairs with small k? and the same helicity for quark
and antiquark [16].
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